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Introduction 

Suppose that A is a regular noetherian ring that is also an F^-algebra. Then it was proved 
by the author and Madsen [6, 8, 4] that there is a long-exact sequence 

-2i Vm. ^ ^ ™ o9-2^ 



> ©^^0 W.+ir!7'^ 0,^0 ^Mr+D^^A Kg+i{A[x]/{x'^), {x)) > ■ ■ ■ 

which expresses the X-groups of the truncated polynomial algebra A[x]/{x"^) relative to the 
ideal (x) in terms of the groups Wr-H^ of big de Rham-Witt forms; see also [5]. We remark that 
in the papers [6, 8, 4] the result was stated and proved under the more restrictive assumption 
that the ring A be a smooth Fp-algebra. However, since Popescu [14] has proved that every 
ring A as above can be written as a filtered colimit of smooth Fp-algebras, the general case 
immediately follows. In this paper, we consider the map of relative i^-groups 

/. : K,+,{AM/{x"^), ix)) K,+,iA[x]/ixn, (x)) 

induced by the canonical projection 

f:A[x]/{x"^)^A[x]/ixn. 

To state the result, we recall from [8] that the big de Rham-Witt groups Wr^\ modules 
over the ring W(A) of big Witt vectors in A. In particular, they are modules over W(Fp). The 
ring W(Fp) is canonically isomorphic to the product indexed by the set of positive integers not 
divisible by p of copies of the ring Zp of p-adic integers. A unit a of the total quotient ring of 
W(Fp) determines a divisor div(a) on W(Fp) and, conversely, the unit a is determined, up to 
multiplication by a unit of W(Fp), by the divisor div(a). The ring W,-(Fp) of big Witt vectors 
of length r in Fp determines a divisor on W(Fp) that we denote by div(W.r(Fp)). 

Theorem A. Let A be a regular noetherian ring and an ¥p-algebra. Then the canonical 
projection f : A[x]/{x"^) — > induces a map of long-exact sequences 

> ©.;,o W.+if^r'^ ^ ©oo W™(,+i)f^r''' K,+i{A[x]/{x"^), (x)) > ■ ■ ■ 



> ©oo 'W^+l^A ©.^0 W„(,+i)f)r K,+,{A[x]/{x"), ix)) > ■ ■ ■ 

where the right-hand vertical map is the map of relative K-groups induced by the canonical 
projection, where the middle vertical map takes the ith summand of the domain to the ith 
summand of the target by the composition 



2000 Mathematics Subject Classification 19D55 (primary), 19E15 (secondary). 
The author was supported in part by the National Science Foundation 



2 LARS HESSELHOLT 

of the restriction map and the multipHcation by an element a = ap{m, n, i) of W(Fp) that is 
determined, up to a unit, by the effective divisor 

div(a)= Yl (div(W„(^+i)(Fp))-div(W„(,,+i)(Fp))), 

and where the left-hand vertical map is zero. 

The divisor div{ap{m,n,i)) not only depends on the integers m, n, and i, but also on the 
prime number p. In more detail, recall that the length of a module M over a ring R is the 
length s of a longest ascending chain Mq £ Mi £ • • • £ Mg of -R-submodules of M. If a longest 
chain does not exists, the module M is said to have infinite length. A Zp-module M of finite 
order has length s. Then the lengths as Zp-module of the domain and target of the map 

: K2^+l{¥p[x]/{x"'), (x)) /^2^+l(JFp[x]/(x"), (x)) 

are equal to (m — + 1) and (n — + 1), respectively, and hence, do not depend on the 
prime p. By contrast, the lengths as a Zp-module of the kernel 7f2i+i(IFp[x]/(x™), (x")) and 
cokernel K2i{¥p[x]/ {x"^), (x")) of this map arc arithmetic fmictions of the prime number p. 
We note that, if div(ap(m, n, i)) > div(W„(i4.i)(Fp)) then the multiplication by a map 

is zero. We examine the divisor ap{m,n,i) and prove the following result. 

Theorem B. Let A be a regular noetherian ring and an ¥p-algebra and assume that A 

is finitely generated as an algebra over the suhring C A of pth powers. Let m and n be 
positive integers with m > n + I. Then there exists an integer qa ^ 1 such that the map 

K,+,iA[x]/{x"^), (x)) ^ i^,+i(A[x]/(x"), (x)) 

induced by the canonical projection is zero, for all g ^ go- 

The main purpose of the paper [8] was to evaluate the Nil-groups of the truncated polynomial 
rings A[x]/{x"^). We recall that, for every ring R, the ring homomorphisms rj: R ^ R[t] and 
e: R[t] — > R defined by r]{a) = a and e(/) = /(O) give rise to a direct sum decomposition 

Kg+,{R[t]) = Kg+,iR) ® K,+i{R[t], (t)). 

The second summand on the right-hand side is the Nil-group 

m\g{R) = K,+,iR[t],{t)) 

which measures the extent to which the functor ifg+i fails to be homotopy invariant. The 
group Nilq(i?) is zero, if the ring R is regular. This implies that, for R = A[x]/(x"*) with A 
regular, the canonical map 

Nil,(A[x]/(x'"),(x)) Nil,(^[x]/(x'")) 

is an isomorphism. The ring homomorphisms rj: R ^ R[t] and e: R[t] R also give rise to a 
direct sum decomposition of big dc Rham-Witt groups 

Hence, if A is a regular noetherian ring and an Fp-algebra, the long-exact sequence at the 
beginning of the paper implies the long-exact sequence 

> Si^O '^^+l^lA^iit)) W„.(.+l)f^^;g,(,)) Nil,(A[x]/(x")) 
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which expresses the Nil-groups of A[x]/{x"^) in terms of the relative groups of big de Rham- 
Witt forms. The map Vm is injective, if p does not divide m, but is generally not injective, 
if p divides m. We remark that [10, Thm. B] gives an explicit description of the middle and 
left-hand terms of this sequence as functors of the big de Rham-Witt groups of the ring A. In 
particular, the group Ni\q{A[x]/{x'^)) is non-zero, for all integers q ^ and m > 1. We note 
that mig{A[x]/{x"^)) is zero, for g < [1, Chap. XII, Prop. 10.1]. Thm. A above immediately 
implies the following result. 

Theorem C. Let A be a regular noetherian ring and an ¥p-algchra. Then the canonical 
projection f : A[x]/{x"^) A[x]/{x"') induces a map of long-exact sequences 

> Si^o "^i+i^Umt)) ®i^o W™(.+i)fi^;g,(,)) KMA[x]/{x^)) . • • • 

> ©oo "^i+i^Tmm ®i^o w„(^+i)0^-2,j_(,„ m\,{A[x\/{x-)) , ■ ■ ■ 

where the middle vertical map takes the ith summand of the domain to the ith summand of 
the target by the composition 

of the restriction map and the multiplication by the element a = ap{m,,n,i) of Thm. A, and 
where the left-hand vertical map is zero. 

Similarly, Thm. B above immediately implies the following result. 

Theorem D. Let A be a regular noetherian ring and an ¥p-algebra and assume that A 
is finitely generated as an algebra over the subring A^ C A of pth powers. Let m and n be 
positive integers with m > n + 1. Then there exists an integer go ^ 1 such that the map 

Nil,(A[x]/(a;")) ^ Nil,(A[x]/(x")) 

induced by the canonical projection is zero, for all g ^ go- 

We remark that, if A is an Fp-algebra and m is a power of p, then A[x]/ (x™) is equal to the 
group algebra A[Cm] of the cyclic group of order m with generator 1 -|- a;. 

All rings considered in this paper are assumed to be commutative and unital. We write T 
for the multiplicative group of complex numbers of modulus 1. 

Finally, the author would like to express his gratitude to an anonymous referee for a number 
of helpful suggestions on improving the exposition of the paper. 

1. p-typical decompositions 

The long-exact sequences that appear in Thm. A of the introduction have canonical p-typical 
product decompositions. We here recall the p-typical decomposition and state the equivalent 
Thm. 1.5. 

We recall from [8, Cor. 1.2.6] that the big de Rham-Witt groups W^il^ decompose as 
a product of the p-typical de Rham-Witt groups Ws^^^ of Bloch-Deligne-IUusie [11]. More 
generally, there is a big de Rham-Witt group Wgil^ associated to every subset 5 C N of the 
set of positive integers stable under division. The group W^il^ is zero, the group W^il^ is the 
big de Rham-Witt group associated to the set of positive integers less than or equal to r, and 
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the p- typical de Rham-Witt group Ws^\ is the big de Rham-Witt group 

For every pair of subset T d S d N stable under division, there is a map 

res: Ws^a ^ Wt^^^ (restriction). 

We mention that, if S' C N is the union of a family of subsets Sa CN each of which is stable 
under division, then the restriction maps induce an isomorphism 

WsO^ ^limWs^O^. 

res 

We also mention that every subset 5 C N stable under division is equal to the union of the 

subsets (s) C N, s E S, where (s) is the set of divisors of s. Let S* C N be a subset stable under 
division, let s be any positive integer, and let S/s be the set of positive integers t such that 
st e S. Then there are maps 

Fs : Ws^^ ^ ^s/s^A (Probenius) 

V, : Ws/s^A ^s^A (Verschiebung). 

Now, let S* C N be a finite subset stable under division, and let j be a positive integer that is 
not divisible by p. We define the non-negative integer u = Up{S,j) by 

Up{S,j) = c&id{S/j n ...}) = card(5 n {j,pj,p^j, ...}) 

and note that u is non-zero if and only if j € S. We then let 



be the composite map 



and define 



to be the map given by the maps rjj as j ranges over the set Ip of all positive integers not 
divisible by p. The map rj is an isomorphism, for every Z(p) -algebra, by [8, Cor. 1.2.6]. We 
remark that, on the right-hand side, the factors indexed by j ^ 5 are zero. The maps res, Fg, 
and Vg are also expressed as products of their p-typical analogs 

i? = res: Ws^Ia ^ Ws-i^a (restriction) 
F = Fp: Wsfl^ Ws-in\ (Probenius) 
V = Vp: Ws-in\ Wsfl^ (Verschiebung). 
Let T c 5 C N be a pair of subsets stable under division. Then there is a commutative diagram 

WsO^ n,- Wu^'a 



A' 



where u = Up{S,j) and u' = Up{T,j), and where the map res'* takes the factor indexed by an 
integer j gT that is not divisible by p to the factor indexed by the same integer j by the map 
and annihilates the remaining factors. Similarly, let 5* C N be a subset stable under 
division, and let s be a positive integer. We write s = p" s' with s' not divisible by p. Then 
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where u ~ Up{S,j), and where the maps F]* and VJ' are defined as follows: The map takes 
the factor indexed by an integer j (z S that is not divisible by p, but is divisible by s' , and 
satisfies p"j e S to the factor indexed by the integer j /s' G S/s by the map F"" and annihilates 
the remaining factors. The map VJ' takes the factor indexed by j € S/s not divisible by p to 
the factor indexed by s'j G S* by the map s'V". 

Specializing to the case S — {1, 2, . . . , m{i + 1)}, we define 

Sp{m, = Up{S,j) = card({l, 2, . . . ,m(i + 1)} n {j,pj,p'^j, ...}). (1.1) 

The integer Sp{m, is non-zero if and only if 1 ^ j ^ m{i + l), and in this case, is the unique 
integer s such that p^~^j < m{i + 1) < p^j- Suppose now that A is a regular noetherian ring 

and an Fp-algebra. It is then straightforward to verify that the p-typical decomposition of the 
top long-exact sequence in the diagram in Thm. A of the introduction takes the form 

(1.2) 



i^O jEm' Ip 

where s = .Sp(m, where m = p"m' with m' not divisible by p, and where Ip is the set of 
positive integers not divisible by p. Similarly, the bottom long-exact sequence in the diagram 
in the statement of Thm. A takes the form 

•••-0 H^t-^f^r^ — mfir" 

i^O jen'/p i^O jelp (13) 

^ K,+,{A[x]/{x-),{x)) ^00 Wt.^n\-'-''^... 

where t = Sp{n, and where n = p^v! with n' not divisible by p. 

Finally, we explain the p-typical decomposition of the divisor div(Q:p(m, n, i)) that appears 
in Thm. A. Let 5^ C W(Fp) be the subset of non-zero-divisors. Then the map 

div: (^-^W(Fp))7W(Fp)* ^ Div(W(Fp)) 

is injective. We refer to [3, §21] for the general theory of divisors. Let also S C W^(Fp) be the 
subset of non-zero-divisors, and let 

ord: (^-iW(Fp))7W(Fp)* ^ ^{S-^Wi^p))* jWi^p)* ^ [J ^ 

be the composition of the isomorphism induced by the ring isomorphism 77 and the isomorphism 
given by the p-adic valuation. We recall the function Sp(m, «, j) from (1.1) above. The p-typical 
decomposition of the ring W„(j_|_i)(Fp) immediately implies the following result. 

Lemma 1.4. For every a G (^~^W(Fp))*, the following are equivalent: 

(i) div(a) = div(W„(,+i)(Fp)). 

(ii) ord(a) = {sp{m,i,j) | j e Ip). 
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The following statement is equivalent to Thm. A of the introduction. The proof is given in 
Sect. 5 below. 

Theorem 1.5. Let A be a regular noetherian ring and an ¥p-algebra. Then the canon- 
ical projection f: A[x]/{x'^) — > A[x]/{x"') induces a map of long-exact sequences from the 
sequence (1.2) to the sequence (1.3) that is given, on the lower left-hand terms, by the map 

U ■ K,{A[x]/{x^), (x)) ^ K,{A[x]/{x^), (x)) 

induced by the canonical projection, on the upper right-hand terms, by the map that takes the 
{i,j)th summand of the domain to the {i,j)th summand of the target by the composite map 

where the right-hand map is multiplication by a p-adic integer a = ap{m, n, whose p-adic 
valuation is given by the sum 

Vp{ap{m,n,i,j)) = ^ {sp{m,h,j)-Sp{n,h,j)), 

and, on the upper left-hand terms, by the zero map. Here Sp{m,i,j) is the integer (1.1). 

Remark 1.6. (i) The integer Sp{m,h,j) — Sp{n,h,j) is equal to the number of positive 
integers r such that n{h + 1) < P^~^j ^ Tn{h + 1). 

(ii) Wc recall from [11, Prop. 1.3.4] that the map nia: Wt^'^j^'^^ Wt^l'^j^'^^ given by the 
multiplication by a j3-adic integer a of p-adic valuation v factors canonically 

as the composite of the surjective restriction map R" and an injective map m^. There is no 

analog of this factorization for the big de Rham-Witt groups. Indeed, the quotient of W(Fp) 
by the ideal generated by the element ap(m, n, i) G W(Fp) that appears in Thm. A is generally 
not of the form Ws:(Fp) for some subset 5 C N that is stable under division. 



2. Topological Hochschild homology 

The proof of Thm. A of the introduction is based on the following result which we proved 
in [6, Prop. 4.2.3]: For every Fp-algebra A, there is a long-exact sequence 

> ]imnTRl^:i^{A) lim« T%^^M) i^,+i(A[x]/(x-), {x)) > 

which expresses the groups Kq^i{A[x]/{x'"''), (x)) in terms of the i?0(T)-graded equivariant 
homotopy groups of the topological Hochschild T-spectrum T{A). (The corresponding long- 
exact sequence of homotopy groups with finite coefficients is valid for every ring A.) We briefly 
recall the terms in this sequence. 

The topological Hochschild T-spectrum T{A) associated with the ring A is a cyclotomic 
spectrum in the sense of [7, Def. 2.2]. In particular, it is an object of the T-stable homotopy 
category. Let A be a finite dimensional orthogonal T-representation, let be the one-point 
compactification, and let Cr C T be the subgroup of order r. Then one defines 



TR;_;,(^) = [S" A {T/Cr)+,S^ A T{A)]r 
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to be the abelian group of maps in the T-stable homotopy category between the indicated 
T-spectra. Suppose that r = st. Then there are maps 



TR^_;,(A) ^ TRl_^{A) (Frobenius) 



Vs : TR*_a(^) ^ TR^-a(^) (Verschiebung) 

induced by maps : (T/Cf)+ {T/Cr)+ and Vg: (T/Cr)+ {T/Ct)+ in the T-stable 
homotopy category that are defined as follows. The map fg is the map of suspension T-spectra 
induced by the canonical projection pr: T/Ct — > T/Cr- The map Vg is the corresponding 
transfer map. To define it, we choose an embedding l: T/Ct ^ A into a finite dimensional 
orthogonal T-presentation. The product embedding (t,pr): T/Cf A x T/C^ has trivial 
normal bundle, and the linear structure on A determines a preferred trivialization. Hence, 
the Pontryagin- Thorn construction gives a map of pointed T-spaces 

A (T/a)+ ^S^A {T/Ct)+ 

and Vg is the induced map of suspension T-spcctra. 

The isomorphism pg : T ^ T / Cg given by the sth root induces an equivalence of categories 
p* from the T/Cg-stable homotopy category to the T-stable homotopy category. The additional 
cyclotomic structure of the T-spectrum T{A) gives rise to a map of T-spectra 

rg:p:{T{Af')^T{A). 

Suppose again that r = st. Then we get a map of iiO(T)-graded equivariant homotopy groups 

Rg: TRl_^{A) ^TRl_y{A) (restriction), 

where A' = p*(A'^=) is the T/Cs-rcprcscntation A*^' considered as a T-representation via the 
isomorphism pg. The map Rg is defined to be the composition 



TRl_^{A) = [5" A (T/a)+, A T{A)]r ^ [S^ A {T/Cr)+,S^ A T{A)^^]j/c., 

^ [S" A {T/Ct)+,S^' A p*g{T{Af-^)]T ^ [5" A (T/Ct)+, S^' A T{A)]t = TR^_^,(A) 

of the canonical isomorphism, the isomorphism p*, and the map induced by rg. It is proved 
in [7, Addendum 3.3] that there is a canonical isomorphism of rings 

W(,)(A)^TR5(A) 

from the ring of big Witt vectors in A corresponding to the subset (r) C N of divisors of r. 
The isomorphism ^ is compatible with the restriction, Frobenius, and Verschiebung operators. 

We return to the long-exact sequence of [6, Prop. 4.2.3] displayed at the beginning of the 
section. In the middle and left-hand terms, the representation A^ is defined to be the sum 

Ad = c(rf)ec(d-i)®---®c(i), 

where C(i) = C with T acting from the left hy z ■ w = z^w, and where 

- 1" 



d = d{m, r) 



m 



is the largest integer less than or equal to (r— l)/m. The limits range over the set of all positive 
integers and the set of positive integers divisible by m, respectively, and the structure map in 
both limit systems is the restriction map. We note that lir = st then 

as required. To prove Thm. A of the introduction, we first prove the following general result 
which docs not require the ring A to be regular or noetherian. The proof of this result is given 
in Sect. 3 below. 
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Theorem 2.1. Let A bean ¥p-algebra, andlet f: A[x]/{x") be the canonical 

projection. Then there is a map of long-exact sequences 



-4 liniH TR""/ 



q-X, 



> limn TR^'JX (A) lim^ TR^_;,^ {A) K,+, {A[x\ 



(A) 



limfl TR;_;,^(A) (x)) > 



/{x-),{x)) 



where d = d{m,r) = [(r — l)/m] and e = d{n,r) = [{r — l)/n], where the right-hand vertical 
map is the map of relative K-groups induced by the canonical projection, where the middle 
vertical map is the map of limits defined by the maps 

i{m, n, r), : TRl_^^ (A) ^ TRJ.;,^ {A) 

induced by the canonical inclusions i{m, n, r) : S^'' S^^ , and where the left-hand vertical 
map is zero. The corresponding statement for the homotopy groups with finite coefficients is 
valid for every ring A. 



We show in Lemma 2.6 below that the limits that appear in the statement of Thm. 2.1 
stabilize. In particular, the corresponding derived limits vanish. 

The long-exact sequences of Thm. 2.1 admit a typical decomposition analogous to the 
p- typical decomposition of the big de Rham-Witt groups which we discussed in Sect. 1 above. 
In the remainder of this section, we recall this decomposition and state the equivalent version 
Thm. 2.5 of Thm. 2.1. 

It is proved in [6, Prop. 4.2.5] that the groups TRg_^^{A), which appear in the statement of 
Thm. 2.1, decompose as a product of the p- typical groups 

TR^_,(A;p) = TR{_-^{A) = [SO A {T/C,u-^)+, AT{A)]r. 

To state the result, we first write r = p^~^r' , where r' is not divisible by p. Let j be a divisor 
of r', and let A' = A'(j) = P*, /^{X'^^' '^). We let 

7,-: TR^_,(A)-TR^_;,,(Ap) 

be the composite map 

TR;_,(A) ^ TR;^^(^) ^ TRf — TR^-A'(^;P) 

and define 

7: TR;_;,(A)-n™^v(^;p) 

j 

be the product of the maps 7^- as j ranges over the divisors of r' . The map 7 is an isomorphism, 
for every Z(p)-algebra A, by [6, Prop. 4.2.5]. We remark that this decomposition is analogous 
to the p-typical decomposition of the big de Rham-Witt groups W(r)^^^ that we discussed in 
Sect. 1 above. Indeed, let j be a positive integer not divisible by p. Then the integer Up{{r),j) 
is equal to u = Vp{r) + 1, if j divides r', and is zero, otherwise. The maps Rs, Fg, and Vg are 
similarly expressed as products of their p-typical analogs 

TR'^^Zl {A: p) (restriction) 
TR^ll(^;p) (Frobenius) 
TR^_;,(A;p) (Verschiebung). 



R = Rp: TR;_;,(A;p) 
F = Fp: TR;_^iA;p) 
V = Vp: TR;zI{A;p) 
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Suppose that r = st and write s = p'"s' and t = '" ^t' with s' and t' not divisible by p. 
Then there are commutative diagrams 



tr: 



q-X 



(A) 



-^n,TR^-v(Ap) 



-^n,TR^iI"(^;p) 



TRS-a(^) 



where the maps R], FJ, and Vp are defined as follows: The map R] takes the factor indexed by 
a divisor j of to the factor indexed by the same divisor j of t' by the map K" and annihilates 
the factors indexed by divisors j of r' that do not divide t'. The map takes the factor 
indexed by a divisor j of r' that is divisible by s' to the factor indexed by the divisor j /s' of 
t' by the map and annihilates the remaining factors. Finally, the map takes the factor 
indexed by the divisor j of t' to the factor indexed by the divisor s'j of r' by the map s'V^. 

It is now straightforward to check that the p-typical decomposition of the top long-exact 
sequence in the diagram in the statement of Thm. 2.1 takes the form 



n ^T^K-lM'P) — n limTR^_,,(A;p) 



n limTR— 



(2.2) 



where m = p^m' with m' not divisible by p, and where d = dp{m,u,j) is defined by 

1" 



dp{m,u,j) 



m 



(2.3) 



In the top line, the right-hand product ranges over the set Ip of positive integers not divisible by 
p, and the left-hand product ranges over the subset m! Ip C Ip. Similarly, the bottom long-exact 
sequence in the diagram in the statement of Thm. 2.1 takes the form 



n i™TR^ir.(^;p) 



niimTR;_;,^(A;p) 



/f,+i(^H/(ar"),(ar)) ^ n li^TR«ir-Ae(^;^') 



(2.4) 



where n = p^n' with n' not divisible by p, and where e = dp{n, u,j). It follows that Thm. 2.1 
above is equivalent to the following statement: 



Theorem 2.5. Let A be an Fp-algebra, and let /: A[x]/{x"') A[x]/{x^) be the canon- 
ical projection. Then there is a map of long-exact sequence from the sequence (2.2) to the 
sequence (2.4) that is given, on the lower left-hand terms, by the map 

U- K,{A[x]/(x^),(x)) ^ K,{A[x]/(x^),(x)) 

induced by the canonical projection, on the upper right-hand terms, by the map that takes the 
jth factor of the domain to the jth factor of the target by the map 

ip{m,n,j)g: limTR^_;,^(A;p) ^ limTR^.;,^ (^;p) 

induced from the canonical inclusions ip(m,n,j,u): S^'^ — > S^'', and, on the upper left-hand 
terms, by the zero map. The corresponding statement for the homotopy groups with Z/p*Z- 
coefEcients is valid for every ring A. 
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The following result shows that the limits that appear in the statements of Thms. 2.1 and 2.5 
stabilize. In particular, the corresponding derived limits vanish. It also shows that, for every 
integer q, the products that appear in (2.2) and (2.4) are finite. 

Lemma 2.6. Let u,u' ^ 1 and m > n ^ 1 be integers, and let j be an integer not divisible 
by p. Let d = dp{m,u,j) and d' = dp{m,u' and let e = dp{n,u,j) and e' = dp{n,u',j). 
Then, in the commutative diagram, 

lim^TR-_,^(^;p) ^"'"''"'^^^ ) lim^TR^_;,^(^;p) 



Cr,(m,n,j,u')a f 

TR^_,^,(A;p) ) TR^_,^,(fc;p), 

tie left-hand vertical map is an isomorphism, if q < 2dp{m, u' + 1, j), and right-hand vertical 
map is an isomorphism, if q < 2dp{n, u' + 1, j). 

Proof Let r be a positive integer, let d = dp{m, r, j), and let d' = dp{m,, r — It follows 
from [7, Thm. 2.2] that there is a long-exact sequence 

• • • - m,{Cpr-.,T{A) A S^i) ^ TRl_^_{A;p) ^ TR^:i_,(A;p) - • • • . 

The Borel homology group that appear on the left-hand side is the abutment of a first quadrant 
homology type spectral sequence 

E% = H,{Cpr-i,TR^_^_{A;p)) M,+t{Cpr-.,T{A) A S^-^), 

and the groups TR^_-,^^{A: p) arc zero, for q < 2d. Hence, the map R in the long-exact sequence 
above is an isomorphism, for q < 2d. The lemma follows. □ 



3. The cyclic bar-construction 

In this section, we prove Thm. 2.1 above. We first recall the structure of the topological 
Hochschild T-spectrum of the truncated polynomial algebra A[x]/{x™). The reader is referred 
to [5] for details on the topological Hochschild T-spectrum and the cyclic bar-construction. We 
will write X[—] to indicate a cyclic object with r-simplices X[r]. 

We showed in [7, Thm. 7.1] (see also [5, Prop. 4]) that there is an ^-equivalence 

a: N'^yiUm)AT{A) ^ T{A[x]/{x"^)) 

where N'^^Cn.m) is the geometric realization of the cyclic bar-construction N'^^ (n.m)[—] of the 
pointed monoid H^ = {0, l,a;,a;^, . . . ,x™~^} with base point and with = 0. A map of 
T-spectra is an ^-equivalence, if it induces an equivalence of C^-fixed point spectra, for all 
finite subgroups Cr C T, and hence, we have induced isomorphisms 

[S" A {T/Cr)+, A^^^(n„) A T{A)]t ^ [5« A (T/a)+, T{A[x]/{x^))]t = TRl{A[x]/{x^)). 

Moreover, the following diagram commutes 

my(nrn)AT{A)^^TiA[x 

N-y{U^) A TiA) T(A[x]/(x")), 
where /: A[x\/{x^) A[x]/{x'^) and /': H^ — + H„ are the canonical projections. 



/(x-)) 
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The cyclic bar-construction of Il„i decomposes as the wedge sum of pointed cychc sets 

N-yin^)[-] = \/ N'y{n^,i)[-], 

where N'^y{Ilm,i)[—] C A^'^^(n„,,)[— ] is the sub-pointed cyclic set whose /c-simplices are the 
(fc + l)-tuples {x^°, . . . ,x^''), where io + ■ ■ ■ + ik = h and the base-point 0. The geometric 
realization decomposes accordingly as a wedge sum of pointed T-spaces 

The homotopy type of the pointed T-space iV'^^(n„i,i) was determined in [6, Thm. B]. The 
result is that N^y{Ilm, 0) is the discrete space {0, 1} and that for positive i there is a canonical 
cofibration sequence of pointed T-spaces 

T+ Ac,/„ S^^ ^ T+ Ac, S^^ ^ N'^^Urr,, i) ^ ST+ Ac,,^ 

where d = d{m, i) = [{i — l)/m]. The left-hand term is understood to be a point, if m does not 
divide i. More precisely, there is a canonical homotopy class of maps of pointed T-spaces 

§a: iV^''(n„,i) ^ cone(T+ Ac,,^ S^' ^ T+ S^') 

from N'^y to the mapping cone of the map pr and any map in this homotopy class is a 
weak equivalence of pointed T-spaces. The canonical projection /' : n„ induces a map 

of cofibration sequences which we identify in Prop. 3.2 below. But first, we recall from [6, §3] 
how the homotopy class of maps 6d is defined. 

We view the standard simplex A*~^ as the convex hull of the set of group elements Cj inside 
the regular representation MfCj]. Let Ci S C, C T be the generator Q = exp(27r\/^/i), and 
let A*"™ C A'^^ be the convex hull of the group elements 1, Q, . . . . As a cyclic set, 

N'^y(n.m, is generated by the single {m — l)-simplex (cc, . . . ,x). Based on this observation, 
we showed in [6, Lemma 2.2.6] that there is a T-equivariant homeomorphism 

if. T+ Ac, (A'-Va • A'-™) ^ N-y{U,^,i). 

The regular representation R[Ci\ has the canonical direct sum decomposition 

mc] = |'C(«)®---®c(i)eR, ifi = 2s + i, 
\c(s)e---eC(i)eiReK_, if i = 2s -1-2, 

so if d < s, or equivalently, if 2d < i, there is a canonical projection 

TTd : R[Ci] ^ c{d) e • • • e c(i) = Ad. 

Suppose first that md < i < m{d + 1). We showed in [6, Thm. 3.1.2] that, in this case, the 
image of Cj • A*"™ C M[Ci] does not contain the origin G A^- Hence, we may compose tt^ 
with the radial projection away from a small ball around G A^ to get a Cj-equi variant map 

Od-. A'-'/Ci ■ A'-™ ^ D{Xd)/S{Xd) = S^' 

whose homotopy class is well-defined. The composite map of pointed T-spaces 

§d : N'^nUm, i) T+ Ac, {A'-'/Ci ■ A*—) T+ Ac, S^" 

is then the desired map 9d- Its homotopy class is well-defined and [6, Prop. 3.2.6] shows that 
it is a weak equivalence. 

Suppose next that i = m{d + l). We let A^ C Ad-i-i be the image of the canonical inclusion 

l: Xd ^ Xd+i and let X^ C Xd+i be the orthogonal complement of X'^ C A^+i- The canonical 
projection from A^-i-i to C{d + 1) restricts to an isomorphism of Aj- onto C{d + 1), and we 
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define C Xj; to be the prcimage by this isomorphism of Cm C C{d + 1). It follows again 
from [6, Thm. 3.1.2] that the image Trd+i{Ci ■ A'"™) does not contain the origin G Xd+i and, 
in addition, [6, 3.3.5] shows that 

We pick a small open ball B c A^+i \ around a point in S{X^) and define 

U = {Ci-B)nS{Xd+i)cS{Xd+i). 

If the ball B is small enough, then the composition of the projection ttj^^i and the radial 
projection away from a (different) small ball around G A^+i defines a Cj-equivariant map 

0'^: A'-Va • A'"" ^ D{Xd+i)/{S{Xd+i) \ U) 

whose homotopy class is well-defined. Let C{Cm) = {0} * Cm C D{C{d+ 1)) be the unreduced 
cone with base Cm C C{d + 1) and with cone point € C{d + 1). Then the canonical 
homeomorphism of D{C{d + 1)) x D{Xd) onto D{Xd+i) induces an inclusion into the target of 
the map 0'^ of the pointed Cj-space 

C(Cm) X D{Xd) ^(oO^r^ w qXd 

C{Cm)xS{Xd)UCmXD{Xd) ^ 

One immediately verifies that this inclusion is a strong deformation retract of pointed Cj-spaces. 
Hence, the map 9'^ defines a homotopy class of maps of pointed Cj-spaces 

e^: A'-i/Cj • A'-™ ^ (5° * Cm) A S^''. 

The composite map of pointed T-spaces 

9d: N^niim^i) T+ Ac, {A^-'/Ci ■ A^"") T+ ((5° * Cm) A S^^) 

is the desired map 0d- Its homotopy class is well-defined and [6, Prop. 3.3.9] shows that it is a 
weak equivalence. In preparation for the proof of Prop. 3.2 below, we first prove the following 
key result. 

Lemma 3.1. Let m and n be positive integers with m > n. 

(i) If md <i < m{d + 1) and ne < i < n{e + 1), then d < e and the diagram 

pr 

A'-i/Ci • A»-" — ^ 

commutes up to Ci-cquivariant homotopy. Here the right-hand vertical map i is the canonical 
inclusion of S^'' in S'^' . 

(a) If md <i < m{d + 1) and i = n(e -|- 1), then d ^ e and the diagram 

A^-i/Ci • A'-™ ¥ S'Ad 



A'-i/Ci • A'-" — ^ (5° * C„) A S^' 

commutes up to Ci-cquivariant homotopy. Here the right-hand vertical map l is the canonical 
inclusion of S^'' in S^' followed by the canonical inclusion of S^" = S° A S^' in {S° * C„) A S^' . 
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(5° * Cm) A S^^ 



commutes up to C'i-cquivariant homotopy. Here the right-hand vertical map i is the canonical 
inclusion of {S° * Cm) A S^-i in {S° * S{C{d + 1))) A S^-i = S^-'+-' followed by the canonical 
inclusion of S'^'^+i in S^^. 

(iv) If i = m{d + 1) = n(e + 1), then d < e and the diagram 

(5° * Cm) A 5^- 



A^-i/Ci • A*-™ ■ 

pr 

A^-i/Ci • A*-" - 

commutes up to Ci-equi variant homotopy. Here the right-hand vertical map l is the canonical 
inclusion of {S° * Cm) A 5^"^ in {S° * S{C{d + 1))) A = 3^''+^ followed by the canonical 
inclusions of 5^<*+i in and of = 5° A 5^- in (5° * C„) A 

Proof We first consider the case (i). Let Ae — Ad C Ae be the orthogonal complement of 
Ad C Ae- Then there is a canonical Cj-equivariant homeomorphism 

D(Ae - Ad) X D(Ad) ^ D{Xe) 

which restricts to a Ci-equivariant homeomorphism 

D(X, - Ad) X S{Xd) U S{Xe - Ad) X D(Ad) ^ S{Xe). 
We note that the composition 

A^-i/Ci • A'-"* ^ A^-i/Ci • A^-" L>(Ae)/S'(Ae) 

of the left-hand vertical map and the lower horizontal map in the diagram of part (i) of the 
statement factors through the map 



D{Xe - Ad) X D{Xd) 



DiXe)/S{Xe 



D{Xe - Ad) X S{Xd) 

induced by the canonical homeomorphism above. But the latter map is homotopic to the 
composite map 



D{Xe - Xd) X D{Xd) pr 



£>(Ad)/5(Ad) ^ £>(Ae)/5(Ae) 



D(Ae - Ad) X ^(Ad) 
by the Cj-equivariant homotopy induced from the radial contraction 

/i:i?(Ae-Ad)x[0,l]^i?(Ae-Ad) 

defined by h{z,t) = tz. This homotopy, in turn, induces a Cj-equivariant homotopy from the 
composite t o ^d to the composite 9e ° pr in the diagram in part (i) of the statement. 
In the case (ii), we note similarly that the composition 



7a • A 



/Ci ■ A' 



C{Cr,) X 5(Ae) U C7„ X I?(Ae) 
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of the left-hand vertical map and the lower horizontal map in the diagram in part (ii) of the 
statement factors through the canonical projection 

C{Cn) X D{\e) X g(Ae) 

C{Cn) X ^(Ae) ^ C{Cn) X S{\e) U C„ X 2?(Ae) 

Again, the latter map is homotopic to the composition 

C(C„)xD(Ae) pr, , . C(C„)xD(Ae) 



D{\,)/S{X,) ^ 



C{Cn) X 5(Ae) ' ^ C(C„) X 5(Ae) U C„ X £»(Ae) 

by the Cj-equivariant homotopy induced from the radial contraction 

/i:C(C„)x [0,1]^C(C„) 

defined by t) = tz. This homotopy induces the desired homotopy from the composite map 
L o 9d to the composite map Oe o pr in the diagram in part (ii) of the statement. 

In the case (iii) of the statement, one proves as in the proof of part (i) of the statement that 
the composite map pr 06 ^ is homotopic to the composition 



Od+i 



£>(Ad+i)/S(Ad+i) ^ D(Ae)/5(Ae 



But the map 64+1 is homotopic to the composition 

C{Cm) X D{Xd) 



DiXd+i)/SiXd+i). 



C{Cm) X S{Xd) UCmX D{Xd) 

Indeed, this is a direct consequence of the construction of the map A^. This proves the case (iii) 
of the statement. Finally, the proof of the case (iv) is analogous to the proof of the case (i). 
This completes the proof. □ 

Proposition 3.2. Let m > 1 be integers and /' : n„ tiie canonical projection. 

Let 1 be an integer, and set d= [{i—l)/m] and e = [{i — l)/n]. Then there is a homotopy 
commutative diagram of pointed T-spaces 



id At 



T+ Ac./„ S^- T+ Ac. S^- - 

where the rows are coGbration sequences, the map id At is induced from the canonical inclusion 
of Xd in Ae, and the map * is the nuU-nmp. The domain (resp. target) of the map * is understood 
to be a point if m (resp. n) does not divide i. 

Proof. As we recalled above, the statement that the rows in the diagram of the statement 
are cofibration sequences of pointed T-spaces is equivalent to the statement that the maps 
of T-spaces 9d are weak equivalences, and the latter statement is [6, Props. 3.2.6, 3.3.9]. The 
statement that the diagram commutes follows immediately from Lemma 3.1 upon applying 
the functor that to a pointed Cj-space X associates the pointed T-space T+ Ac, X with the 
exception of the statement that the left-hand vertical map is nuU-homotopic. Only the case (iii) 
needs proof. In this case, we have a homotopy commutative diagram of pointed Cj-spaces 

Cm+ A S^^ — — > S^'^ > (5° * Cm) A S^^ > SC7„+ A S^^ 



-4- S^''+^ 



-^T,S{C{d+l))+ AS""" 
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which shows that the composite map i o pr2 is nuU-homotopic. It follows that the composite 
map of pointed T-spaces 

T+ Ac,/^ S^-' ^ T+ Ac, S^'' T+ Ac, 8^''+' 
is null-homotopic as desired. □ 

Proof of Thm. 2.1. The proof that the horizontal sequences in the diagram in the statement 
are exact is given in [7, Prop. 4.2.3]. A direct, and perhaps more detailed, proof that the 
isomorphic sequences (2.2) and (2.4) arc exact is given in [5, Prop. 11]. It is immediately clear 
from either proof that Prop. 3.2 implies that the diagram in the statement commutes. □ 



4. The map u : TR^_;,^_^ {A- p) ^ TR^_;,^ {A; p) 

The topological Hochschild T-spectrum T{A) gives rise to a generalized equivariant homology 
theory on the category of pointed T-spaces defined by 

r(A)^-(X) = 7rf'-(X A T{A)) = [5« A (T/a)+,X A T(A)]t, 

and the map of the title is equal to the map of these homology groups induced by the canonical 
inclusion l: 3^°--^ 5^". We will evaluate this map in Prop. 4.2 below but, in preparation, 
we first prove a general result about T-spectra. We define a T-spectrum to be an orthogonal T- 
spectrum in the sense of [13]. The category of T-spcctra is a model category and the associated 
homotopy category, by definition, is the T-stable homotopy category. Moreover, the category 
of T-spectra has a closed symmetric monoidal structure given by the smash product which 
induces a closed symmetric monoidal structure on the T-stable homotopy category. We give 
the T-stable homotopy category the triangulated structure defined in [9, §2]. 
Let T be a T-spectrum, and let C T be the subgroup of order r. We define 

7rf'-(T) = [5«A(T/a)+,T]T 

to be the set of maps in the T-stable homotopy category between the indicated T-spectra. In 
particular, TR^__j^(^) = ^^^{S^ A T{A)). There are canonical isomorphisms 

TT.iT^") = [S^T^-] ^ [S" A (T/a)+,T^lT/c. ^ [S' A {T/Cr)+,T]r = Tr^^iT), 

where, in the middle term, T'^'' denotes the Cr-fixed point T/Cr-spcctrum, and where, on the 
left-hand side, T'-^^ denotes the underlying non-equivariant spectrum of this T/C^-spectrum. 
We consider the cofibration sequence of pointed T-spaces 

T+ ^ 5° ^ 5C(i) ^ 51 A T+ = ST+, 

where tt collapses T onto the non-base point of and where t is the canonical inclusion. We 
identify the underlying pointed spaces of S"^ and S'^^^^ by the isomorphism 

that takes the class of (a, b) in S'^ = A to the class of a -|- b\/^ in 5^^^^ . The composition 
of (fi and d defines a map in the non-equivariant stable homotopy category 

a: T+. 

The cofibration sequence above induces a cofibration sequence in the non-equivariant stable 
homotopy category, and the latter sequence splits. We thus obtain a direct sum diagram in the 
non-equivariant stable homotopy category 



51 7^ S° 
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where i is the section of tt that takes the the non-base point in to 1 € T, and where the 
map K is the corresponding retraction of the map a. We define the map 



7r?ri(T) (Connes' operator) 



to be composition 



where the left-hand map is left multiplication by cr, where the middle map is induced by the 
isomorphism pr'. T ^ T /Cr defined by the rth root, and where the right-hand map is induced 
from the left action by T on the underlying non-cquivariant spectrum of T. It anti-comm\ites 
with the suspension isomorphism in the sense that the following diagram anti-commutes: 



9-1-1 



(T) 



SUSP ( — 1) 



T%{Y.T) 



->7r. 



(ST). 



Moreover, dd{x) = r] ■ d{x) and Fr.dVr{x) = d{x) + (r — 1)?7 • x, where r] G tti{S^) is the Hopf 
class, and, if T is a ring T-spcctrum, d is a derivation for the multiplication; sec [4, §1]. If A 
is an Fp-algebra, then multiplication by rj is zero on 7r^''(T(A)). Hence, in this case, Connes' 
operator is a differential and satisfies FrdVr = d. 

Lemma 4.1. Let T be a T-spectrum, and let r and j be relative prime positive integers. 
Then, for every integer q, there is a commutative diagram 



SUSP kj^ SUSP 



^TTqiS^ AT)®TTg+i{S^ AT) 



^,-i{{'^/Cj)+ AT)© 7r,((T/Q)+ A T) 

dVr + Vr 

TTf-lCT/QO+AT) 



7rg((T/Q)+ AT)® 7r,+i((T/Q)+ A T) 

{Fr,Frd) 

7r?'-((T/C,.)+AT), 



wliere the top horizontal map is the suspension isomorphism. Moreover, the compositions of 
the left-hand vertical maps and the right-hand vertical maps are both isomorphisms. 

Proof The general formulas that we recalled before the statement show that 

((k* ® At*) o (FryFrd) o [dVr + Vr) o (i* ® it,)){x,y) = ((k* odoi^,)[x), (k, o d o it,)[y)) , 

and one verifies that k* o o is equal to the suspension isomorphism. This shows that the 
diagram commutes. It was proved in [10, Prop. 3.4.1] that the composition of the left-hand 
vertical maps is an isomorphism, provided that r = p'"~^ is a power of a prime number p. The 
proof in the general case is completely similar. □ 

Suppose now that r is a divisor in a. Then the isomorphism 

is an isomorphism of pointed C^-spaccs. We define 

If: S"^ AS" A {T/Cr)+ S'^'^"^ A S" A (T/a)+ 
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be the isomorphism of pointed T-spaces that takes the class of {x,y,zCr) to the class of 
{z(fi{x), y, zCr). It follows that, if r is a divisor in a, we have an isomorphism 

defined by the composition 

TR;_;,^_^(^) = [5«A(T/a)+,5^'-^AT(A)]T 

^ [5C(a) ^gq^ (T/a)+, S^^"^ A S^-' A T{A)]j 
^ [52AS'«A(T/a)+,5"^^"^ AS'^'-i AT(yl)]T = TR^+2-A<.(^) 
We write for the inverse of . 

Proposition 4.2. Let A he a Z(p)-aJgebra, let a,u^ 1 be integers, and let v = v{a, u) he 
the minimum of u and Vp{a) + 1. Then there are natural long-exact sequences 



TR^_i_A_,(^;rt®TR^-A„_,(^;p) 
TR^A<._,(^;p) 



{<p,F"-'",-(p,F''-"d) 

tr^-2-a„_i(^;p)®tr^-i-a„_,(Ap) 



TR^+i_A„(^;p)®TR«_^_^(A;p) 



Pl-2 



(.,=0 



TR" . 



TR;^_;,J^;p)eTR;^_i_A„_,(A;p) 



wliere the left-hand sequence is valid, for v < u, and where the right-hand sequence is valid, 
for V = u. 

Proof We consider the cofibration sequence of pointed T-spaces 

S{C{a))+ ^ ^ ^S^ A S{C{a))+ 

and the induced cofibration sequence in the T-stable category 

S{C{a))+ AT^T^ S^^"'' AT ^ A S(C(a))+ A T 

where T = S^"-^ A T{A). We also abbreviate r = The associated exact sequence of 

equivariant homotopy groups takes the form 

7:f^{S{C{a))+ A T) ^ 7rf-(T) ^ 7rf-(^C(a) ^ n^l,{S{C{a))+ A T), 

where d is the composition of and the inverse of the suspension isomorphism. We identify this 
sequence with the long-exact sequences of the statement. The terms tt^'' (T) and tt^' (5'^'"^ AT) 
are equal to TR^_;!^^_^ (A; p) and TK]^_^^{A;p), respectively, and the map i'^ is equal to the 
map i*. It remains to identify the remaining term and the two maps tt^ and 3*. 
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Suppose first that u = v such that C(a) is Cr-trivial. Then the map i: ^ S{C{a))+ that 
takes the non-base point in to 1 G S{C{aj) is C^-equivariant and defines a section of the 
map TT^ in the exact sequence of equivariant homotopy groups above. This completes the proof 
in the case u = v. 

We next assume that v < u and consider first the case v = 1 such tliat a and r are relatively 
prime. The map i: S° ^ S{C{a))^ is a non-equivariant section of the projection tt. The 
following diagram commutes 



(5(C(a))+AT) 



dVr + Vr 



7r,_i(5(C(a))+ AT)® ng{S{C{a))+ A T) 



dVr + Vr 

'4wg-i{T)(B7rg{T) 



and the composite map {n'^, ® tt^) o {i^ ® i^) is the identity. Since S{C{a))+ is isomorphic to 
(T/Ca)+ as a pointed T-spacc, Lemma 4.1 shows that the composition of the left-hand vertical 
maps is an isomorphism. We use this isomorphism to identify the left-hand term of the exact 
sequence of equivariant homotopy groups above. The composition of this isomorphism and the 
map 7r[ is equal to the map 



dVr + Vr : TRl 



^,-i-A„_,(^;P)®TR^-A<._,(^;P) 
as stated. Similarly, the following diagram commutes 

d. 



7r^-(SCW AT). 



{Fr.,-Fr.d) 



>7r-::i(5(C(a))+AT) 



7rg(5«^(«) AT)© 7rg+i(5«^('») A T) 7r,_i(5(C(a))+ AT)® TTq{S{C{a))+ A T). 

^g_2(T)e7r,_i(r) 

and the composition of the lower horizontal map and the lower right-hand vertical map is equal 
to the map y^i ® Finally, Lemma 4.1 shows that the composition of the right-hand vertical 
maps is equal to the inverse of the map dVpi* ® Vri*. This completes the proof in the case 
where 1 = v <u. 

Finally, we suppose that 1 < v < u and abbreviate r = t = p^~^, and s = p""". We 

recall that the root isomorphism pt'. T ^ T/Ci induces an equivalence of categories from 
the T/Cj-stable category to the T-stable category. There is a commutative diagram 

(5(C(a))+ A T) ^ Trf (T) ^ (S^i-) A T) n% (5(C(a))+ A T) 



7rf»(5(C(i))+ AT') ^ n^^iT') ^ n^'{S^U) A T') ^ 7r^l,{S{C{j))+ A T'), 

where T = 5^"-^ A T(A) and T' — p^{T'^^), and where j — a/t. The vertical maps are 
the composition of the isomorphism p^: ttq^^'^* {X'-^*) — > Wg" {pf{X'-^*)) and the canonical 
isomorphism of 7r^'-(X) and TTg''^'^* {X'^'^). The case of the lower sequence was treated above. 
This completes the proof. □ 
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Remark 4.3. Let ^ be a regular noetherian ring that is also an Fp-algebra. There is a 
statement similar to Lemma 4.2 above for the p-typical de Rham-Witt complex of A. Suppose 
that V <u. Then there is a long-exact sequence sequence 

^ w„f27' e WM^A Wufi\ Wu^\ w^n\ ® w„n^+' ■■■ , 

where a = dV"^~^ + V"^~^ and (3 = {F^~'", —F^~^d). This sequence is a more precise version of 
the statement [12, III (3.3.3.3)]. We outline the steps in the proof. First, the basic case A = ¥p 
is clear. Next, one uses [10, Thm. B] to show that the exactness of the sequence for A implies 
the exactness of the sequence for A[x]. Third, one uses [10, Prop. 6.2.3] or [11, Prop. LI. 14] to 
conclude that the sequence is exact whenever A is a smooth Fp-algcbra. Finally, one uses the 
theorem of Popescu [14] that every regular noetherian Fp-algebra is a filtered colimit of smooth 
Fp- algebras and the fact that, being an initial object, the de Rham-Witt complex commutes 
with colimits. 



5. Proof of Thm. A 



In this section we evaluate the maps Lp{m, n, j)g that appear in the statement of Thm. 2.5. 
This proves Thm. 1.5 and hence the equivalent Thm. A. We first recall the following result 
which was proved in [7, Prop. 9.1]. 

Proposition 5.1. Let a and u be positive integers. Then for every non-negative integer i, 
there exists an isomorphism 

ap{a,u,i): W,(Fp) ^ TR^,_;,^(Fp;p), 



where the length r = rp{a, u, i) is given by 

rp{a,u,i) ■■ 



u, if a ^ i, 

u — s, if [a/p"] ^ i < [a/p*~^] and 1 < s < u, 
0, ifi < [a/p"-i]. 



The group TR^__;^^ {^pip) is zero, if q is a negative or odd integer. In addition, the isomorphisms 
(jp{a, u, i) may be chosen in such a way that the square diagrams 



Wr{¥, 

V 



ap{a,u,i) 



Wr-l{Vp)^ 



Tp(a,u— l,i) 



^TB^,_^^{¥p;p) 

F 



^TR--\{¥p;p), 



wliere r = rp{a, u, i), commute. 

We recall the integer functions Sp{m,i,j) and dp{m,u,j) defined in (1.1) and (2.3). 

Corollary 5.2. Let m, u,u' ^ 1 and be integers, let j ^ 1 be an integer that is not 
divisible by p, and let d = dp{m,u,j) and d' = dp{m,u' Then the canonical projection 

pr„, : limTR^,_,^(Fp;p) ^ TRi_^^, {¥p;p) 

is an isomorphism, if p" j > m{i + 1), and the common group is a cyclic W {¥p)-module of 
length Sp{m, The group limn TR^_;^^(Fp;p) is zero, if q is a negative or odd integer. 
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Proof. We proved in Lemma 2.6 that the map of the statement is an isomorphism, provided 
that i < dp{m.. u' + 1, j) = [{p" j — l)/m]. This constraint on the integer u' is equivalent to 
the inequality z + 1 ^ [(p" j — l)/m], which is equivalent to z + 1 < (p" j — l)/m, which, 
in turn, is equivalent to the stated inequality m{i + 1) < j. Finally, a similar calculation 
based on Prop. 5.1 shows that the length of the M^(Fp)-module limi{TR2i_;i^^(Fp;p) is equal 
to Sp(m, as stated. □ 

Lemma 5.3. Let m > n ^ 1, u ^ 1, and i ^ be integers. Let 1 ^ j ^ rn{i + 1) be an 
integer that is not divisible by p, and let d = dp{m, u, j) and e = dp{n, u, j). Then the map 

Lpim,n,j,u)2i: TRl_^^{¥p;p) ^ TRl_^^{¥p;p) 

takes a generator of the domain to the product of a generator of the target and an element 
a' = a'p{m,,n,i, j,u) ofW{¥p) with p-adic valuation 

v,{a')= Yl length^(r^)TR^h1(Fp;P). 

d<a^e 

wliere v{u, a) = min{w, Vp{a) + 1}. 

Proof The canonical inclusion Lp{m,n,j,u): Xd Xg is equal to the composition of the 
canonical inclusions t: Xa-i — > Ao for d < a < e. Since the groups TR^_;^^ (Fp;p) are zero, for 
q odd, Prop. 4.2 above identifies the cokernel of the map 

with the VF(Fp)-module TR2-"'^^(Fp;p). Equivalently, takes a generator of the domain to 
the product of a generator of the target and an element G W{¥p) of p-adic valuation 

Mo^'a) = length^^(j.^) TRl^f^{¥p;p). 
The lemma follows. □ 

We proceed to manipulate the sum that appears in Lemma 5.3. To this end, we fix the 

positive integer u, and consider the bi-gradcd Fp- vector space E(u) defined by the associated 
graded for the p-adic filtration of the iy(Fp)-modulcs that appear in Lemma 5.3, 

i^(^ka = 0grpTR££(Fp;p). 

The following results identifies the structure of this bi-graded Fp- vector space. 

Lemma 5.4. TJie bi-graded ¥p-vector space E{u) is isomorphic to the bi-graded ¥p-vector 
space defined by the sum of symmetric algebras 

^(«) = Sr^{Xr,ar}, 

where degXr = (p''~^, 1) and dego-^ = (0, 1). 

Proof The statement is equivalent to the equality 

dimpp A{u)a,t = length^(F^) T^'^-lt-xl i^p,P), 
which we verify by direct calculation, li a ^ i, then A{u)a,i has basis 

„o j-a a/p i-a/p a/p"'"'"'"^ i-a/p''^"''''-^ 

X^a^ ^ ■ ■ ■ '■^v{u,a) "v{u,a) 
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SO dinif ^ A{u) a, i = v{u,a) as required. Similarly, if a/p^ ^ i < a/p''~^ with 1 < s < v{u,a), 
then A{u)a,i has basis 

which shows that 6im.-p^ A{u)a,i = v{u,a) — s as desired. Finally, ii i < a/p''^"''*^"^, then 
^{u)a,i = 0. This completes the proof. □ 

Proposition 5.5. Let m > n > 1 and i > be integers, and let 1 < j < m{i + 1) be an 
integer that is not divisible by p. Then the map 

ip{m,n,j)2i: limTR^,_;,^(Fp;p) ^ limTR^,_;,^(Fp;p), 

where d — dp{m, u, j) and e = d.p{n, u,j), takes a generator of the domain to the product of a 
generator of the target and an clement a = ap{m,n,i,j) ofW{¥p) with p-adic valuation 

^p(") = ^ {sp{m,h,j) - Sp{n,h,j)). 

0!^h<i 

Proof. By Cor. 5.2 above, wc may instead consider the map 

Lp{m,n,j,u)2i: TR2,_xA^P'P) ~^ ^^2t-\J^p'-,P), 
for a fixed positive integer u with p^j > m{i + 1). We showed in Lemma 5.3 above that this 
map takes a generator of the domain to the product of a generator of the target and an element 
a' = ap{m, n, i, j, u) of W{¥p) whose p-adic valuation is given by the sum 

vp{a')= ^ length^^(r^)TR^h1(IFp;P) 

where v{u,a) = mm{u,Vp{a) + 1}. We show that this sum is equal to the sum Vp{a) of the 
statement. It follows from Lemma 5.4 that 



d<a^e 

The Fp-vector space on the right-hand side has a basis given by the elements x^a^, where 



d<a^e 

1 < r < w, and where k and I are non- negative integers such that k + l = i and d < p^~^k < e. 
Therefore, wc have 



Vp{a')= ^ card{0 < fc < i I < < e} = ^ c&rd{l ^ k ^ i \ d < p'^~'^k ^ e} 

= ^ caTd{l^r^u\d<p''-^ks^e}= ^ card{l ^ r ^ m | d < ^'-^(/i + 1) ^ e} 

= (card{l<r<u|rf<p'-^(/i + l)}-card{l<r<u|e<p''-^(/i + l)}), 

where, we recall, d = dp{m,u,j) and e = dp{n,u,j). The inequality d < p^~^{h+l) is equivalent 
to the inequality — < p^~^{h + 1) which, in turn, is equivalent to the inequality 

p"-''i<m(/i+l). 

Suppose that s = .Sp{m, h,j) satisfies 1 ^ s < u. Then p^~^j < m{h + 1) < p'^j- Therefore, the 
inequality p^^^j < m(h + 1) is equivalent to the inequality u — r ^ s — 1. Hence, 

card{l ^ r ^ u \ d < p^~^{h + 1)} = card{u — (s — 1) ^ r < u} = s = Sp(m, h,j). 

Finally, if m{h + 1) < j, we also find that 

card{l ^ r ^ u \ d < p^~^{h + 1)} = = Sp(m, h,j). 
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The proof that card{l ^ r ^ m | e < p'^~^{h + 1)} = Sp{n, h,j) is similar. □ 

Proof of Thm. A. Wc prove the equivalent Thm. 1.5. Suppose that A = ¥p. We first identify 
the sequences (2.2) and (1.2) and the sequences (2.4) and (1.3). Let m ^ 1 and i ^ be integers, 
and let j ^ 1 he an integer not divisible by p. We know from Cor. 5.2 that, if m' > 1 is an 
integer such that p" j > m{i + 1), then the canonical projection 

pr„,: \imTRl_^^{¥p;p) ^ TRi_^J¥p;p), 

where d = dp(m,u,j) and d' = dp(m,u' , j), is an isomorphism. Hence, the composition of 
the isomorphism ap{d',u',i) of Prop. 5.1 and the inverse of the isomorphism pr„, defines an 
isomorphism 

Tpim,i,j,u'): W,{¥p) ^ limTR^._;,^(Fp;p), 

where s = Sp{m, Then, if > m{i + 1), we define 

Tp{m,i,u'): Ws{¥p) ^ [] limTR^,_;,_^(Fp;p) 

to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on 
the right-hand side by the map Tp{m,i,j,u'). Similarly, we define 

T;(m,i,«'): W,.M^ n limTR^r-A.(Fp;f)> 

where m = p^m' with m' not divisible by p, where s = Sp{m.,i, j), and where d, = dp{m.,u, j), 
to be the isomorphism that takes the jth summand on the left-hand side to the jth factor on 
the right-hand side by the isomorphism given by the composition of ap{d',u' — v,i) and the 
inverse of the isomorphism 

pr„,: limTR^-Xi^p-p) ^ TR^!!^^, (F^jp). 
Then, for every u' such that p" > m(i + 1), the diagram 

w,.M — — >^WM 

jem'ip jeip 



T'(m,i,u') 



n 1^ TR^r'',^(F,;p) ^ n liniTR^,_,^(F,;p) 

jem'ip jelp 

commutes. This identifies the sequences (2.2) and (1.2). However, we do not know that the 
family of isomorphisms crp{a, u, i) in Prop. 5.1 can be chosen with the additional property that, 
if both > m{i + 1) and p" > m{i + 1), the isomorphisms Tp{m, i, u') and Tp{m, i, u") are 
equal. Therefore, we choose u' = u'{m,i) to be the unique integer that satisfies 

< m{i + 1) < p"' 

and use the isomorphisms Tp{m,i,u') and Tp{m,i,u') to identify (2.2) and (1.2). We use the 

same u' = u'{m, i) and the isomorphisms Tp{n, i, u') and Tp(n, i, u') to identify the sequences (2.4) 
and (1.3). In particular, the sequences (1.2) and (1.3) are exact as proved in [6, Thm. 4.2.10]. 
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Finally, Prop. 5.5 shows that there is a commutative diagram 



W«(Fp) ^ > Wt{¥p) ^ > Wt{¥p) 



Tp{n,i,j,u') 



where the map rUa is given by multiplication by an element a = ap{m,n,i,j) € M^(Fp) with 
p-adic valution 



0^h<i 

This completes the proof of Thm. 1.5 for A = Fp. 

Suppose next that A is any regular noetherian ring that is also an Fp-algebra. The groups 
limij TRg_^^ {A; p) were evaluated in [8, Thm. 2.2.2] , but see also [5, Thm. 16] . By the universal 
property of the de Rham-Witt complex, there is a canonical map of graded rings 

W^n\^TRl{A-p) 

that commutes with R, F, V, and d. Let m ^ 1 and i > be integers, and let u' = u'{m, i). 
Let j be an integer not divisible by p, and let s = Sp{m,i,j). We consider the map 

Up{m,q,i,j,u'): liml^^l]^"* ^w(w,) W^iFp) ^ limTR^_^^{A;p) 
defined by the composition 

limW^„n7'' (3wiw,) W,{¥p) ^ limTR^_2,(A;p) (^^^r,) limTR^,_;,^(Fp;p) 
- limTR^_2i(^;P) ®w(w,) limTR^,_;,^(A;p) ^ limTR^_;,^(A;p), 

tt tt tt 

where the first map is induced by the maps ^„ (g) Tp{m, u'), where the second map is induced 
from the unit map rj: ¥p ^ A, and where the last map is induced by the T(A)-module spectrum 
structure on S^'' A T{A). It follows from [5, Thm. 16] that the maps ojp{m,q,i,j,u') factor 
through the canonical projections 

pr.Oid: limW^fl^r'^ ^^(w,) ^ W.fl'^^^' 

R 

and that the induced maps Wp{m,q,i,j,u') define an isomorphism 

c^p(m,g,j) = ^ujp{m,q,i,j,u'): W^.O^^i ^ iiniTR^_;,^(Ap), 

where u' = u'{m,i) and s = Sp{m,i,j). We define 

i^o jeip jeip 

to be the isomorphism that takes the j summand on the left-hand side to the jth factor on the 
right-hand side by the isomorphism Up{m,q,j). We define the isomorphism 

i^O jEm' Ip j^'m' 
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in a completely similar manner substituting the isomorphisms Tp{m,i,j,u') for the isomor- 
phisms Tp{m,i,j,u') in the definition of uip{m,q). Then the diagram 





Wp(m,g) 



-2i m'y 



u>p(m,q) 



jem'ip 



jeip 



commutes. Hence, the isomorphisms ujp{m, q) and uj'p{m, q) identify the sequences (2.2) and (1.2). 
In particular, the sequence (1.2) is exact. Similarly, the isomorphisms ujp(n,q) and u)'p(n,q) 
identify the sequences (2.4) and (1.3). Finally, we have a commutative diagram 



-2i 



Up{m,q,i,j,u') 



lim^TR^_^^(^;p) 



tp(m,n,i,j) 



where the top horizontal map nia is multiplication by the same element a = ap{m,n,i, j) of 
W{¥p) as in the basic case A = ¥p. This completes the proof of Thm. 1.5. □ 



6. The divisor div(ap(m, n, i)) 

In this section we examine the divisor drv{ap{'m,n,i)) which appears in the statement of 
Thm. A and prove the precise Thm. 6.3 below. Wc then use this result to derive Thm. B of the 
introduction and Thm. 6.5 below. We recall the integer function Sp{m,i,j) defined in (1.1). 

Lemma 6.1. Suppose that the integer t = Sp{n, satisfies 

m — n p* - 



mn p — 1 

Then Vp{ap{m,n,i,j)) > Sp{n,i,j). 



Proof. We recall that 

Vp{ap{m,n,i,j)) = ^ {sp{m,h,j)-Sp{n,h,j)). 

In this sum, every summand is non-negative, and the summand indexed by h is positive if and 
only if there exists an integer r ^ 1 with 

n{h + 1) < p^^^^j ^ m(/i + 1). 

We estimate the number of indices ^ h < i that satisfy this inequality, for some r ^ 1. For 
a given r > 1, the number of integers h that satisfy the inequality 

n{h + 1) < p'-^j < m{h + 1) 

is at least 

(m - n)p'^-'^j _ ^ 
mn 
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If t = Sp{n, = 0, then the statement of the lemma is trivially true. So assume that t > 0. 
Then t is the unique integer that satisfies p*~^j < n{i + 1) < p*j- Now, if 1 < r ^ then 

n{h + 1) < p'-^j < p'-^j < n{i + 1), 

implies that h <i. Therefore, we find 

, , . X - Am — n)p'^~^j m — n p* — 1 . 

Vp{ap{m,n,i,j)) ^ > ( Ij = :r ■ J - t. 

^ ^ mn mn p — 1 



Hence, if the latter integer is greater than or equal to t, or equivalently, if 

m — n n* — 1 

j > 2f, 

mn P — 1 

then Vp{ap{m,n,i,j)) > Sp{n,i,j). □ 

Lemma 6.2. Suppose that i ^ n/(m — n) and Vp{ap{m, n,i— 1, j)) ^ Sp(n, i — 1, j). Then 
also Vp{ap{m,n,i,j)) ^ Sp{n,i,j). 

Proof. The assumption that i ^ n/{m — n) implies that mi ^ n(i + 1) which, in turn, 
implies that Sp{m,i — 1, j) > Sp{n,i,j). Suppose Vp{ap{Tn,n,i — > Sp{n,i — Then 

Vp{ap{m,n,i,j)) = Vp{ap{s,n,i- l,j)) + Sp{m,i- 1, j) - Sp{n,i- > Sp{m,i- 

The statement follows. □ 

Theorem 6.3. TJie divisor div(Q;p(m, n, i)) satisfies the foUowing: 

(i) For every pair of integers m > n > 1 and for every prime number p, there exists an 
integer iq = io{m, n,p) such that, for all integers i > io, 

div(ap(m,n,i)) > div(W„(i+i)(Fp)). 

(a) For every pair of integers m > n > 1, the integer io{m, n,p) tends to infinity as the prime 
number p tends to infinity. 

(Hi) For every integer n> 1 and every prime number p, there exists an integer mo = mo (n, p) 
such that, for all m > mo(n,p) and for all integers i > 0, 

div{ap{m,,n,i)) > div(W„(j+i)(Fp)). 

Proof We first prove the statement (i), which, by Lemma 1.4 is equivalent to the statement 

that there exists an integer io = io{m,n,p) such that, for all positive integers j not divisible 
by p, Vp{ap{m, n, ^ Sp{n, Suppose first that j ^ 2mn/ {m — n). Then 

m — np* — 1 »* — 1 

i > 2 • 

mn p — 1 P — 1 

and, for every prime number p and every integer t ^ 0, the right-hand side is greater than 
or equal to 2t. Therefore, Lemma 6.1 shows that Vp{ap{m,n,i, j)) ^ Sp{n,i,j), for all i > 0. 
Suppose next that 1 < j < 2mn/{m — n). Then the inequality of the statement of Lemma 6.1 
is satisfied, if t is large enough. Since t = Sp(n,i, j) tends to infinity as i tends to infinity, it 
follows that there exists an integer io(m, n,p,j) such that Vp{ap{m, n, > 8p{n, for all 
i > io{m, n,p,j). This proves that part (i) of the statement holds with io(m, n,p) equal to the 
maximum of the integers io(m, n,p,j), where 1 ^ j < 2mn/{m — n). 

We next prove (ii). Suppose that > TO(i-t-l). Then, for every integer ^ h ^ i, and for every 
integer 1 < j < n not divisible by Sp{m, = Sp{n, = 1, and hence, Vp{ap{m, n,i,j)) < 
Sp(n, I, j). Therefore, if p > m(i+l), then «o(m, n,p) > i. It follows that io(m, n,p) > [(p— l)/m] 
which tends to infinity as p tends to infinity. 
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Finally, we prove (ill). For fixed i and j, the integer Sp{m,i,j) tends to infinity as m tends 
to infinity. Hence, there exists mo = mo{n,p,i, j) such that Vp{ap{m,n,i, j)) ^ Sp{n,i,j), 
for m ^ mo{n,p,i,j). Assume that mo{n,p,i,j) is chosen minimal with this property. Then 
an induction argument based on Lemma 6.2 shows that mo{n,p,i,j) ^ mo{n,p,i — if 
i > n/{m — n). Moreover, if j > n{i + 1), then Sp{n,i,j) = 0, and therefore, mo{n,p,i,j) = n. 
This shows that (iii) holds with tuq [n, p) equal to the maximum of the finitely many integers 
mo{n,p, where ^ i ^ n/{'m — n) and 1 ^ j ^ n{i + 1). □ 

Lemma 6.4. Let A he an Fp-aigebra and suppose that A is generated by N elements as an 
algebra over the subring A^ ofpth powers. Then, for every subset S cN stable under division, 
the big de Rham-Witt group W^fi^ is zero, if q > N + 1. 



Proof It suffices to show that, for all w ^ 1, the typical de Rham-Witt group VF„ri^ 
is zero, if g > + 1; compare Sect. 1 above. We first show that is zero, ii q > N. 
By assumption, there exists a surjective ring homomorphism /: AP[xi, . . . ,Xn] A from a 
polynomial algebra in finitely many variables over A^. The induces map 

/* • ^ApIxi,...,xn] ~^ 

is again surjective. Moreover, every element of of the domain is a sum of elements of the form 

(J = rjdxi^ . . . dxi^ 

where < s < A, where 1 ^ i\ < ■ ■ ■ < is ^ N, and where r] G Now, we claim that 

f*{'n) = unless s — q. Indeed, the element r/ G can be written as a sum of elements of 

the form bodbi . . . dbq-s, where fe( 



,hq^s ^ A'', and 



Ub^db, . . . dbg_s) = f{bo)df{b,) . . . df{bq_s)- 



But f{bi) = a^, for some € A, and hence, df{bi) = d{af) = pa\ dui = 0. It follows that the 
image of /* is zero, if q> N. This shows that is zero, if q > N, as stated. 



Finally, we show by induction on u ^ 1 that Wu^\ is zero, ii q > N 



1. The case u = 1 



holds, since the canonical map 
follows from the exact sequence 



Wifi^ is an isomorphism. Finally, the induction step 



which is proved in [9, Prop. 3.2.6]. 



-^0 



□ 



Proof of Thm. B. Since m > n+1, we can choose n < k < m and write / as the composition 
of the canonical projections g: A[x]/{x"^) A[x]/{x'') and h: A[x]/{x'') A[x]/{x"). We 
consider the following maps of long-exact sequences from Thm. A. 



i>0 



h' 



h, 

^K,+i{A[x]/{x%{x))^^e. 



>0 



i>0 







g-l-2i 
A 



fir'"'' 



It follows from Lemma 6.4 and Thm. 6.3(i) that there exists an integer 50 such that both the 

maps g'^ and arc zero, for q ^ qo. Finally, a diagram chase based on the diagram above 
shows that the composite map = /i* o g^ is zero, for q ^ qo. □ 
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Suppose that A is a regular noetherian ring and an Fp-algcbra. We let 

be the ith summand of the map e in the long-exact sequence 

We show that the image of the map eq has the following interpretation. 

Theorem 6.5. Let A be a regular noetherian ring that is also an ¥p-algebra, and let n be 
a positive integer. Then 

fl im (/, : K,{A[x]/{x^), {x)) - K,{A[x]/{x-), {x))) 

= im (eo : W„0^-^ ^ (x))) 

Proof. Let g: A[x]/{x"') A[x]/{x'') and h: A[x]/{x'') ^[a:]/(x") be the canonical 
projections, with m > k > n. A diagram based on the diagram from the proof of Thm. B 
above shows that, for every integer g > 0, we have inclusions 

im(e,^oW™(.+i)f^r'' — e.>oW„(.+i)f^r'^ ^ K,+,iA[x]/{x-),{x))) 
C im {K,+,{A[x]/{x"^), (x)) ^ K,+,(A[x]/{x^), (x))) 

The maps h'^^g'^ and h'^ map the summand indexed by i = to the summand indexed by i = 
by the appropriate restriction map, which is surjective. Thm. 6.3 shows that, on summands 
indexed by i > 1, the maps h'^,g'^, and h'^ are zero, if m is sufficiently large. The statement 
follows. □ 

Remark 6.6. Lot k he a. perfect field of positive characteristic p, and let n be a positive 
integer. It follows from Thms. A and 6.3 that, for n, the composite map 

W„(,+i)(fc) ^ K2i+i{k[x]l{x^), {x)) ^ i^2i(fc[x]/(x'"), (x")) 
induces an isomorphism 

A^: W„(,+i)(fc)/KW,+i(fc) ^ K2M^]/{xn,{x^)). 
We expect that, for i = 1, the map is equal to the map A„ of Stienstra [16, Cor. 3.6]. 

Remark 6.7. One generally expects that, for every scheme X, there exists an Atiyah- 
Hirzebruch type spectral sequence 

from the motivic cohomology of X to the algebraic X-thcory of X. Such a sequence has been 
constructed in the case where A" is a smooth scheme over a field [17]. However, in general, 
there presently does not exist a definition of motivic cohomology that could serve as the 
i?^-term of a spectral sequence of this form. However, see [2, 15]. The long-exact sequence 
relating K{A[x\/ {x^), (x)) and the big de Rham-Witt groups and Thm. 6.5 suggests that, for 
X = Spec(^[x]/(x")), where A is a regular noetherian Fp-algebra, the spectral sequence takes 
the form 

= W,n^-(^-^) © W(,+i)„17^-^ ^ K,+t{A[x]l{x-), (x)) 
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with the -differential induced by the Verschiebung operator 

and with all higher differentials zero. The £J^-term is of this hypothetical spectral sequence 
then is our candidate for the value of the motivic cohomology groups of A[x]/{x'^) relative to 
the ideal (x). We note that this value of the motivic cohomology groups is in agreement with 
the Beilinson-Soule vanishing conjecture that H'^{A[x]/{x"), {x);Z{t)) is zero, for g < 0. 
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